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An Algorithm for TSP with Time Dependent Profits

Munjeong Kang - Jiyoon Kyung + Chungmok Lee

Department of Industrial and Management Engineering, Hankuk University of Foreign Studies

In this paper, we introduce a TSP with Time-Dependent Profits (TSPwTDP) which differs from the existing
TSPwProfits (Traveling Salesman Problem with Profits) in the sense that the profits depend on the times to visit
the nodes. We will demonstrate a real-life example, called a parking lot problem that cannot be solved by the
previous models. In the parking lot application, as the time to visit a node is delayed, the probability of taking
the empty parking space decreases exponentially. We will present two exact algorithms for solving the problem:
The first algorithm is a mixed-integer programming formulation with a nonlinear objective function. The second
approach is based on the labeling algorithm. We found that the labeling algorithm can solve problems up to 20
nodes, while the nonlinear formulation failed to solve any problem with more than 4 nodes.
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9]+ EA(Traveling Salesman Problem, TSP)& 7} T 3% 2]
Q1 23} A 3l(combinatorial optimization) 4| % 3hto]H 1
S W B A7 o] FA SkTHApplegate et al., 2007).
TSP+ B¢+ 714 T 321 9 NP-hard &4 % 5hubo] H(Garey and
Johnson, 1979) thek3l 2 23} 18] &2 A< Hlush= o
23 &-A (benchmark problem) &8 317] & gt} TSP oHkA
O 2w T e N Y B ) A (Ee ]7})31/}
Bl D(EE 7) 3 (matrix) 2 A 9] =™, Toi
O BE REE Tk M e A(EE AR
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g Aol EAZ oo 3 MY ZA
% 7F8 583 A= 273 2 A (Vehicle Routing Problem,

VRP)©|t}. VRP g2 o]0 obd of 2] th & Afo]
=SS RSk 2102 TSPE VRPY EWE 498 & &
AT} VRP= 9] &3-S 1123k CVRP(Capacitated VRP,
Toth et al., 2002; Uchoa et al., 2017), T3 213Fe] £H/E 1L
2 3 Heterogeneous VRP(Kog et al., 2016; Yao et al., 2016),
=25 WESE A7 A8 7l VRPWTW(VRP with Time
Windows, Cordeau ef al., 2000; Miranda and Conceigdo, 2016),
= EE WEste 53 o] vl (delivery) ¥ 57 (pick-up) 7 7]
EAJ3H= VRPwPD(VRP with Pick-up and Delivery, Desaulniers,
2000; Minnel and Bortfeldt, 2016) 5-©] 1tk =3k glo]g 2] &
GHAAS 1S ATE 14| F8(demand)] AL E
23 gF VRPSD(VRP with Stochastic Demand, Bertsimas, 1992),
T B9 =& 7H9| o] AZHe| WstE 1# 3 TDVRP(Time-
dependent VRP, Malandraki, 1992; Ritzinger et al., 2016), ©|&
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Az 1o =20 Uk B E FA LHI AT
(Lee et al., 2012)5°] Utk Sl AFH theks VRpe ¥ E
EAE tisl A 45 102 145 TSP HE &
ANE L& ‘F O‘t} F ol = S&(drone), A7) AHsAL 52 A
2 AESFHS 133 TSP HE A Eo] A5 itk
Murray et al (2015)_ o)A} Ciﬂ SN EE s}
© 455 13 o =28 ojuhdo] WESA] ¥
EEES kL o] $of| o3 Fatefof gt Al e
o]g3te] T YAl 7]A|(drone station)E —\%033}% EA
(TSP with Drone Station, Kim and Moon, 2018) Z=3F & ol A
A= AT Erdogan et al(2012)= A7 A5 AdHE o)

A& o]&3 A+F ZH Z Al (Electric-vehicle VRP, EVRP)E
A A BEAT YREA QI TSP &3 o] o] F 7 2lol Agho] ¢l
ATF EVRPY| 7ol e F7134 08 B4 =5(F4 E)
W] A el oF k= &kl 7} itk

TSPE 27| A& HA 3} dug)ES A& BAst=A
of ol whe} FA F 7R 2 RS 4 Qlnk H A8 & Bk
U1 2] F(exact algorithms)oll= & A4 ALY 223 S
o]-§-g+ ¥H(Matai, 2010), 4] T (Branch-and-Cut, Padberg
et al., 1987), +2] ¥ 7} (Branch-and-Price, Fukasawa et al., 2006),
527 € (dynamic programming, Balas and Simonetti, 2001)
5ol At} 53] TSP W3 Al &< Th¥a W & o] &3l o
e TSP A= ¥ 3(transform)3l= PHEE ]’\] =k
(Dimitrijevié and Sari¢, 1997). TSP2| H A3 &1 Zo) 7}
A Ao 2L o7 I AL Concorde(Applegate etal,
2006)°]t}. Concorde= 4] A of] 7]9kslo] TheFeh Frel 2~
& (heuristics)- 21-8-5to] Z T 85,9007] ;== &A1 o] H=5) &
S g ATk

HANE BAASHA Xote FeloE dugE G vl B
2 A7} o] F1 A $ith Lin and Kernighan(1973)-2 K-L F-&
2glolgt B & AE /A BH-S AASFAT Gendreau ef al.
(1998)+= Tabu BHAY(Tabu Search)7]5ke] & 118] &S AL&-8lo]
2 AFE AU o] W= v 3 34 3K Ant Colony
Optimization, ACO, Branke and Guntsch, 2004; Dorigo and Stiitzle,
2019), A4 &4 (Local Search, Gu and Huang, 1994; Lourengo
et al., 2019), YA} T3 22 KParticle Swarm Optimization, PSO,
Shen et al., 2006; Du and Swamy, 2016) 5-°] AT}
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FolZIt}. mekA TSPWTDP= TSPwP2] Y1t -3 (general
case)oluq TSPwPS} TRF7FA| 2 NP-hardoll 453h= &4l
TSPWIDP= E¢ 0] 9] 9] T olF AT FH, F A =
s 1 dte HolA e 52 94 2 4] 3} A (Multi-
Objective Optimization Problem) o It EF Ut E =

29] 7)o & Thg 3} ol ARl 4 9o,

> et o}«

H % TSPWIDPE A 9|3tal 2| 23 & Al Algitt.

TSPwTDPO| 3 F5l= A2 QU o & A Al g},
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FBHANY SnZL 20 FE REE AL BAS
A el & 5 9122 lakih

B =S Ut 2ol 7450 ok Al 2894 = TSPw
TDPY tf3l] F+A A 0.2 HoJsta AEHQ §&4 o & AAT
o} A 3% B Ao g e BE & A AL FA A
of 71413t gl o] B-&(labeling) &8 &2 A A ST} Al 4732 A
NE dagE ALt AR AAE AASt Ao R A&
o] )| 57%ol| A A A Ect.

2. 5A A2

zady

W =29 s nolek sk A v E s
E(depart node), £2 = E(return node)S 242} d, dolgtal A
oJ3lAE No| ofE L E o ZEhE A7HS ¢ 2k & ), o]
9] < (profit function) f(¢,) 7F Fol Xtk 7183k o] &
F ) ‘—‘:Oﬂ SAskE ARl o Edhe FEA
4% (nonlinean) ¥ 7+ Ao 9] 4SS wHEdtha 714
Fig= s
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ol3iA}. oW Fol 7 M =M re 5o tha) S =9
BE 099 F3hg Flr) BFal 3kaL o5 Al F3+5 7(n)
E}EXHO}XP o]¢] o] F§3} o] 5 A Zke] L Abel 2] A
%8 5 (trade-off) & A7 3h= w7/ A7} o] - T TSPw
TDP%E‘rC’TJr”O] Aol 4 9k
(TSPWTDP) &M — F(r) + A7)}
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olo] F§he Hdslet= sl & Atk
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Figure 1. Probability of the Parking Spot being Available at the Time
of Arrival Depending on the Parameter
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Shortest travel time between nodes

Maximizes the total profits

Minimizes the total travel times

3. ¢3E S

A A 3k

£ Qo A= TSPWIDPE £7] 912 H A3 ¢ 5s
o} WA v A8 A4 A2 R (Nonlinear Mixed Integer Program-
ming, NLMIP) 4~2] Eﬁé S AN AR A A4 E B
W NLMIP 8] 2 3-& o}F 22 77]9] TSPwIDP 24| &
71% A Gt} kA 71 0 & F o] Elabel) 7|9He] XA
3 dae|ES AAZT FAE 0] $9 BE RS Ao E ¢
3l 27l A AN S8 AAR] FAR EAE R Vs
ok o o] I Aol M A E WSS AT F
A3 G EFS H LT T USS HA B U

3.1 9413 #4242 (Nonlinear Mixed Integer Programming)
T2y

Sel Aol A4 uE s ARasE e o

rir

o w7} ¥ 7(Parameter)

A ole) ko] gt O]E AZH0] % 9e] H]Z(trade-off)
& ARt mp T

N :depotE A & L“_E(—Zri]'ﬂ-‘l] HiAke]) A

d :Z% =E(depot =& T2 )

d 5% = E(depot, B FAHY T

p O AREO] At W Rl FApR o] A& B0 Jle &E
(0<p<1)

70 i =04 jiE7EA] 9] F 4 o] F ARt

M : Big number

- 44 L—/F‘(Decision Variable)
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0] 2 Zh= ol W
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(
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minf(lfH(lfpt"))JrA Y Ty Q)
iEN iENU{d), JENU {d},i = j
s.t E xg =1 4)
jeNU{d}
=1 vieENU{d) (5
iENU{d} i#j
by Lij = )D Lji VIEN (6)

JENU{d},i=j JENU{d},i=j
ty =+ T— M(1—x,))

vieENU{d}, jeNU{d},i=5 (7)
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3.2 Yo &3 (Labeling) L8 %

Qrol| A AAIgE B Y el Ry A9 2717F vl - 24
o™ UukAQl Nonlinear Integer SolverZ 323 E A7] &
S0 webA 2 Ao M= glo] & (labeling) ¥aLE]ES o] &
& HA3) dagF e AAG HolEd daeES T4
"] (dynamic programming)®| 3 FP o2 FE UEIY
oA TS A kS 7= HEE 2 o Wol AHgETH &
3| A7 2FA|(VRP)E #4371 (Branch-and-Price) .= &
u] &g A§A F-E A (column generation subproblem)Z A5+ 57+
gk}, o) ApeFe] & A okolu} HHEshe L EO] HHE AZE
A Fz} 7o) thakdt AYA K(resource constraints)©] EAJ
735 o] & YHHA o = A A oF HT7g Z A (Shortest Path Pro-
blem with Resource Constraints, SPPRC, Irnich ef al., 2005; Lee
etal., 2012)2}a gt

T EYNLMIP)2 The 22 7 719 A& o2 543
& Folzl Aol tja)] Aol AR B U

T
min z; ‘ (10)
T

iENU{d},jENU{d},i=]

(BP1)

st (z,t) EX (11)

ole, XT= A2 (4)~(9)E T3t & a8l (feasible solutions)
of Ztolt}. ZAIBP1)S F 719 54345 7FA] = Bi-objec-
tive 2|3} EAo|H, (NLMIP)2] A= ¢ 49 &
# 2 8})(Pareto optimal solution)E & 3hd-< AA & & ok
E3 (BP1)9] A MA 523+ Remark 191 &34 T3t
o] uhE 4= Qi

Mlog(1—p")

(BP2) miny 7N (12)
> Tij
iENU{d) JENU {d},i = j
st (z,t) EX (13)

(BP2)= (BP1) ¥ 22 S E H Al ehs 2= A 4A
& Ut} AN HA G (12)2 B E g
7N &) B2 3ol b2 54 ghol e A= FEjolth. o] = Y E
ATl A ok A(arc) (i,5) & A'g Wrich B]-§ HE(cost vec-
tor) (log(1—p"), t,,) 7SR = 2 0.2 B = glok w2t o
"2 9] Bi-objective % T3 2 & A (shortest path problem) 2] &+ &
B & ok A Gkl A A & FA 9 T 2A BE
= EE R oF b A ok a1 dtof of gkt o] & &l T
I} 28 AlF Y E 9 F(layered network) S A Ztaf B4},
<Figure 3>°]4] Bo|Zo] AT VES e =& Hee =2
7] INIRVES] AZE 7AW 424 Al g NS =
TE Rt AZ WEY T ofaE kWA A kT %}
E+19HA AT RE 7} = j9 wvt Az 9 of 2ol
TR AFVEYINH ¢ v eol 223 L 22 d431=

2 98 EAlo M 9] RE L EE MRS Foltoun) B2
B xgete A A & 5 Aok S, AZ HWEH ZANA &
HA Aol e =B i & Ave A2 25 7} A
A& o3,

AZ WEYFNA i =T &3 shto] go|B&e 1
S E7HA) 9] BB 7 Z(partial path) 2] H]-& #E] o] §H& A3}
ofof gtk AT k9 W LERA Y FE AR g:=(d, i),
i) o Bgy) S A Bk o] B AR S R E oA
AZFEH )& o] i AR7F A 1WA R EE on|git)
FE AR goll thek #lol &5 Tha 2ol A3t

, v,

n

[71', T, vlv U27
8|3 go| 8o 7t £ 8 40 A= thea it

> _ log(1—p")

=), i), A

=

= Td{'(n—’— . Z :TIJ
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Figure 3. Example of a Layered Network for the Labeling Algorithm



A7bol ) E o o] o] Aokt 2B

Z, 7o = 47 BE A2 vlE WEH Y S 88 o,
T R EAEN EE i E AYEAE et glol &9 €L
2] &2 4714 (extension rule) 2 X8l 72 (dominance rule)©]
g g 3lt} B Aol A= TSPwTDPO thel toh-S-3} 72 &kt
T2 I A A S A b,

* 1712 (extension rule)

AT UEY T AZ ke

U1y Vg, "7U}OE}_%7 71%’8.‘ o :1
k<IN A% v, =090 ZE ol tsh, AF k+19] =
T 2 o3t 2ol &4H .
[W+10g( -p +T/I)7 T+ T;j’ Uy, Uy ""Uj+1’ "'7,071}

i
o

g

=

o
&
g
g
il
lo
=)
o
O
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AZUEY Y ofdl EoA Erpes F e F 2 A2 ¢
o} r& A RA} HE AE (9} r & U} ZojA = BE A
7 Z(complete path)2] F3S El(q) 9+ E(r) ©l2kal 314k 49
o AA A= ¢ ol s FH T (129 F A9 ) g2
47 7(¢) 3 Z(¢) B BASAL o), BE HE g9} &
T AR ro] 9 245 W5, ¢ r& A¥ll(dominate)
gt A of gt

- E(r) < Elg)

-3¢€BIZ(¢) < (") 28T 2(¢) < 20),

Vr e E(r)

Z, E(q)7} E(r) & E3381aL, E(r) ol &3k 999 A 74

250 (129 F FA4F57F 2F 270 22 WA A2

Eg)ol £FH0] 92 o), B8 AR (= BE AT 1 A
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e & Ak 2 golE i ok, & AT U ES ANA %
S 5Eof &3 Q7] W] 22 5] BB AA & FE A
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xl <7 7 <7, VqEE(Q),rEE(r) °] APTTE B0l
(H8 Al Sl M 7t < 7", 7 < 77o] AHETh [

gol &7 U FY e UEY I L0 &3 ol &9
Mol ZA o] &dth A 15 o] &3] L 24 Aulshe ¥
©] E(dominating labels) T+ &7] 1 U 2] & o] &-& A4S = 9]
ok 7 71 9] FlolEe] F S FA A ufste #ol &Rt kA = 8
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gt HolE5 Keysd A
Lik[key] : Lik'—g] o] & F9| key kel sl HolBE2] A
% (hashmap)
Treat(key): key @t o] OZ FA-L ) 0 3|Fst=
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<Figure 4>+ 3 F g0 &8 €8] &9 pseudocode S H o+
t}. Po] 88 YaeFo] FRHUS W EF =T ¢ o} 9
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Algorithm 1 Labeling algorithm for solving TSP with Time Dependent Profits

LY « {[0,0,0]}
forallk=1,...,n do
foralli=1,...,n do
KFLE 0
end for

end for
L+l

for all: =1,....,n do
L+ Extend(L°, 1)
newkey +— B(0,i)
K} + {newkey} U K}

Li[newkey] «+ Merge(L! [newkey], f,)

end for
forallk=1,...,n—1do
for alli =1,...,n do

for all key € KF do
treat «— Treat(key)
repeat
Choose j € treat
L + Extend(L%|key|, )
newkey < B(key,j)
K« {newkey} U K

L" Hnewkey] Merge(L; ' newkey|, L)

until treat =
end for
end for
end for

for alli=1,...,ndo
for all key € K[ do
L« Extend(L"[Lﬁy] n+1)
Ll Merge(L™ 1, L)
end for
end for
return L™

Figure 4. Pseudocode of Labeling Algorithm for TSPwTDP.
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Table 1. Comparison of Computational Times for the Problems

with [V =3
roblem |2 0.7 p =08 p =09

NLMIP |Labeling| NLMIP |Labeling| NLMIP |Labeling
1] 12039 | 0.0007 | 3600 | 0.0007 | 179.19 | 0.0009
2 3600° | 0.0006 | 3600 | 0.0006 | 3600° | 0.0005
3 3600° | 0.0006 | 3600° | 0.0006 | 3600° | 0.0006
4 | 3600° | 0.0009 | 3600" | 0.0007 | 3600" | 0.0006
5 | 1222100006 | 583 |0.0006 | 1.35 |0.0006
6 11.77 | 0.0006 | 3600° | 0.0006 | 3600 | 0.0005
7 3600 | 0.0007 | 31.64 | 0.0006 | 3600 | 0.0006
8 9.05 | 0.0006 | 3600° | 0.0006 | 2.71 | 0.0005
9 7.23 | 0.0006 | 3600° | 0.0006 | 3600° | 0.0009
10| 3600 | 0.0006 | 3600° | 0.0006 | 3600" | 0.0006
11 569 | 0.0006 | 39.58 | 0.0009 | 3600° | 0.0006
12| 3600 | 0.0006 | 3600" | 0.0006 | 3600° | 0.0005
13| 3600 | 0.0007 | 3600" | 0.0006 | 3600" | 0.0006
14 | 3600 | 0.0006 | 10.81 | 0.0006 | 039 | 0.0006
15 | 3600° | 0.0006 | 3600 | 0.0006 | 3600" | 0.0006

Table 2. Computational Results of the Labeling Algorithm for
the Problems with 3 < [V] < 20.

= 0.7 p = 0.8 p =09
o time(s) |#labels | time(s) |#labels| time(s) |#labels
3 <0.01 | 126 | <001 | 1.26 | <0.01 | 1.23
4 <0.01 | 1.66 | <0.01 | 1.70 | < 0.01 | 1.66
5 <0.01 | 1.73 | <001 | 1.73 | <0.01 | 1.73
6 0.01 1.93 0.01 1.93 0.01 1.80
7 0.04 2.43 0.04 2.63 0.04 2.56
8 0.12 3.26 0.12 3.36 0.12 3.03
9 0.31 3.60 0.32 4.00 0.32 3.70

10 0.80 4.10 0.80 4.16 0.81 433

11 1.96 4.53 1.94 4.60 1.97 4.30

12 4.62 5.23 4.65 5.80 4.68 5.40

13 10.84 | 5.33 10.89 | 5.63 10.90 | 4.83
14 2566 | 6.00 | 2559 | 636 | 2534 | 6.10
15 5846 | 5.93 58.55 6.50 | 58.81 6.03
16 13454 | 6.76 | 13525 | 7.30 | 134.14 | 7.10
17 303.52 | 6.46 | 304.08 | 743 | 303.19 | 7.53
18 68243 | 8.10 | 681.60 | 9.10 | 68555 | 7.83
19 1535.60 | 8.00 | 1533.24 | 8.86 | 1529.22 | 8.60
20 | 3700.76 | 8.93 |3649.85 | 10.36 | 3444.93 | 9.30
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Figure 5. Solving Times by Number of Nodes Depending on the

Parameter p
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Table 3. Comparison of Results between the Labeling Algorithm

and the CN Heuristics.

CN Labeling algorithm | avg obj.

|V] . | avg time . |avg time| GAP
avg obj. © avg obj. © %)

3 0.14 < 0.01 0.14 < 0.01 | 0.00%
4 0.87 < 0.01 0.80 < 0.01 | 5.43%
5 1.21 < 0.01 1.21 < 0.01 | 0.00%
6 0.63 < 0.01 0.44 0.01 57.83%
7 1.35 < 0.01 1.14 0.04 14.77%
8 1.01 < 0.01 0.63 0.12 76.43%
9 0.69 < 0.01 0.30 0.31 105.52%
10 1.11 < 0.01 1.05 0.75 8.64%
11 0.41 < 0.01 0.15 1.93 92.69%
12 1.45 < 0.01 0.98 4.61 75.24%
13 0.64 < 0.01 0.46 10.75 32.27%
14 0.98 < 0.01 0.39 2528 | 123.30%
15 1.89 < 0.01 0.95 57.58 | 110.41%
16 1.58 < 0.01 1.29 137.67 | 23.76%
17 1.26 < 0.01 0.88 299.72 | 53.46%
18 1.40 < 0.01 0.78 673.46 | 103.88%
19 1.33 < 0.01 0.63 1516.81 | 251.03%
20 1.74 < 0.01 0.89 3658.42 | 111.62%
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